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Absteact. Tt is shown that the point spectrum of internal symmetrics is always
sywunetric, Tt 14 & group provided the intersection of all local subaigebras i trivial,

1. Introduction

The algebraic quantum Gield theory is based on the notion of algebras
of observablos. ‘These are either abstract C*-algebras [1] or von Neumann
algebras of operators [2,3]. We shall be concerned with these latter
(which is quite natural since we intend to deal with conserved symme-
tries). In the algehraic approach any possible physical symmetry of the
quantum system is mathematically represented s an antomorphism of
the algebra of all observables. The symmetry is conserved, if the vacuum
is invariant under the action of unitary operators implementing the
associated automorphism, In [4—8] the ronditions under which & given
symmetry 18 conserved has been extensively studied in a connection
with the Goldstone theorem. We shall be concerned with symmetries
which are conserved, Space-time translations are such symmetries (by
a definition!). These are peometric ones. Aside from them, there also
occur symmetries which map cach local aubalgebra onte itaelf, They are
called internal symmetries. The gauge-type transformations are of this
kind.

It should be noticed that, from the purely mathematical point of
view, the situation under our consideration is similar to that which
oceurs in statistical mechanies, when we leal with states of the thormal
equilibriam of infinite systems. Consequently, a sraall modification of
the methods used in [11] in studying the spectrum of space and time

translations enables us to obtain similar resuits, in this case, for the
spectrom of internal syrametries,

2, Grensral Assumptions and Notation

For the sake of completemess we shall Yist once more the basie
postulates of the algebraic quantum field theory.
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Let ZE#') be un algebra of all bounded, linear operators acting on
a Hilbert space #. Let T be a subset of % (#). The set I’ of all B
in Z{#y which commute with il 4 in M is then called 2 commutant
of M Tf T} .- M or equivalently if I is a weakly closed «-subslgebra
of ¥ #} containing the identity operator 7, then M is said to be
a8 von Neumann algebra, For every Mo Z(J), M is the amallest
von Neumann algebra containing the set M — the von Neumann algebra
generated by M.

The Postulgies

L Tn every bounded, open region & of space-time Is associated
4 von Neumann algebra o7 (€) in such a way that

a) if €0 €, then o (€)) o (F4):

b} if ¢} is an open covering of space-time, then the von Neumann
algebra generated by U .7 (£,) and the von Neumsnn algebra generated
by all &/ (€} coincide:

A = [U . {6,)]" = [U ()]

¢} i &, and ¢, are totally space-like regions, then .of () C .o (0,).

2. There exists a strongly continuous representation x —~ T'(x} of the
translation group of R¥, such that

8) Tz} o (0) T{x)-} o (O + 2) for all € and = ¢ RY;

b) the support of a spectral measure d E (p) uniquely defined by

Ty = [P dE(p)
is rontained in & (closed) future Jight.cone,

3. There exists the “vacoum stete” £2, invariant under all T'(z) and
cyelic for &7 (i.e. the set o7 {2 is everywhere dense in ).

Under these assumptions the (generalized} Reeh and Schlieder
theorem is valid [9]:

Theorem. Let A’y be a subspace of H#, cyclic for &7 and such that
T ) Wy #y for all x in B, Then _atf_g_ia_also eyclic for each o (C). In
particular, for each O we have " = 57 (0) £2, so that by 1., ¢) 12 is cyelic
and separating jor <7 (0).

With the above assurnptions we shall procced to the congiderations
of internal symmetries. Therefore we shall assume, once for all that.

4. Thers is a unitary, strongly conbingous representation 7 -~ IT, of
the Ioeally compact group &, such that

&) U, {0 U7t = o (@) for all @ and 7 €6

by U, Q= Qforall v £6G.

It shonld be remarked at this point that we loose nothing by con-
sidering only comtinuous representation of G. Any group G may be
thought of as locally compset and any representation of & may be
thought of to bo contingous. Nemely, it is sufficient to equip & in
a discrefe topology.
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3. Properties of the Speetram

In what follows we shell study the spectrum of ;. Qur definition
of the spectrum is a rather abstract one. Let z be a character of .
By a character we mean a continuous homomorphism of ¢ into a group
{etx 10 = w = 2 Let F{y) be an orthogonal projection onto a (c!osed]
subspace {p £ # : U,y = {x, 1) p}. The charscter y is said to be in the
point speetrum of g if F(x) + 0. Denoting by §(U¢} the point spectrum
of Up we soa that by definition, §(I7,) is a subsct of the group & of all
gontinuous characters of G

1t & is abelian, then & is locatly compact and by the $.N.A.G. theorem
[0, p. 3777:

Ue=J {0 dF(y)

¢ L8(Ug) i and only if F({y}) = F(y}+ 0. In particular if {U/.} is
n-parameter, then every y € 8{U/;) is determined by unique g such that
{x, vy = exp(igr} and our definition coincides with a waual one.

The following theorem gives a simple criterion, under which Ug has
only a point spectrum.

Theorem 3.8, Assume G is compact, abelian group. Then
EFiy)y: x 80y =1,

Proof. With ¢, p in # denote by y{1) the function 7 — (¢, .9}
Since ¢ is compact and y is continuous, we have y ¢ L¥((') and by
(10, p. 8821, y can be represented as a Fourier series y(t) ~ X 0, 4, (7)
¢, + 0. Ou the other hard, by the B N.A.G. theorem we have

(=1 (& dF () v .

Now, from the arthogonality of the system of all characters in ¥ it

follows that ¢, = (¢, F{3.) w), so #hat y, £5(I7,;). On the other hang,
by 2,0, = yle) = (&, ¥) we have

(¢ ) = 2 (, Flz) o) .

1 p is orthogonal to all F(y) ¢ with y £.8(U,), then, by the above
(¢, ) = 0, o that the family {F(y): g <8(U)} of in pairs orthogonal
projectione spans the whole Hilbert apace #, what completes the proof.

Reanark, Tt s clear that the assertion of the shove theoremn holds
only if & is abelian. Indeed, if the assertion holds, then the family {103

of bounded operators has a complefe set of simultaneous eigenvectors
and thus all U, neecsaarily commute.

We now show that the point spectrum of U, is a subgroup of . This

bolds for an arbitrary. locally compact & and follows from purely
algebraic considerations.
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Theorem 3.2, The point spectrum of [ 48 symmetric ©e. x 8T )
smplies 3= ¢ Ny, Morevver, if pof (€) — {41} then S(Ug) is a sub.
group uf G ae gy ge W N(Ug) implies yy pi? £ 8(Ug).

Procf. The first assertion follows at once from (i1, Corollary 4.2],
since £2 s cyclic and separating for o#(€). Lo prove the second let
e 2 8 () and 6 = p £ Fly,) #. Now, since p is cyclic for an irre-
ducilde algebra U o/ (¢} (we have {U /(€)1 = {1 & (€))) we can find
A in some o/ (€} such that (g} 4w + 0. But Q i eyelic for o/ (¢).
Therefors we can choose Bin o/ (€} such that (BQ, F(3,) A y) £ 0. Lot
A be a Godement mean over . Then, by [12, Theorem 1], for each ¥
m G we i‘lﬂ.\'{" (¢;F(x} 'P) _ »I{f(f) (¢’ L}'; q]]} .

In particular (B, F(p,) Ay) = £{0E (BL, Uz dp)). Now Al
= DALY s in oZ(€) for all T oand U Ap=x0 VAU y
- ¥ (7) A () . Therelore
(BQ, Flg,) Ayp) = A{L(T) 1, (2] (BD, 4] 9)}

- (T, (D) (@, A1) BrD)

e M T (1)(Q, AU B2}

= (2, A¥ () Bry).
In this way we have 0 + (B12, F(y;) Ay) = (2, 4AF (2571 B*y) so that
Flyrh) = 0. QRED.

We have assumed in the last theorem that therc is no non-trivial
ohservable which can be measared in each <7 (). This condition excludes
the trivial case of abelian o and is clearly satisfied if 2 is a unique
veetor invariant under space-time translations, But this also holds for
reducible .of provided & (€7) is a factor for at least one @.

Now, let 7 be abelian and Do & open, with F(D) = 0. Tet 7 be
arbitrary. By the cyclisity of 2 for &/ () one can find 4 £/ (€) such
that F(D) AQ + 0, The same must hold for some compact set Dy .D.
Lot f(z) be a function in L*(@) such that f(y} = { %(7) {(z) du(z) is in
L (@), positive, vanishing outside D and equal one on D). Such function
exists hy [10, p. 375]. Let A, = [ A7) j(z) du(z). Then 4; € &/ (¢) and
A2 = [f(}dF () AQ = pf [l dF (g} A2 50 that 4,02+0 and
F(D) 4,92 = 4,0. On the other hand AP = f[(z ) dF(y) A*L.
Thercfore F(D-1) 4102 = A} and ALY -+ 0 since (2 is separating for
& (7). 8o we obtain

Corollary 8.3. I 7 is abelian, then supp dF is a symmetric subset of
Gic. y C suppdF implies y—* £ suppdF.

If o is irreducible, if the symmetry commuates with translations and
i some cantinuity requirements are satisfied then, one can prove that
suppdF is a subgroup of €. But it is guite pussible that this also holds
under considerably weaker assumptiona.
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4. The Case of & Compaet

Throughout this section ¢ will be compact, abelian. Denoting by N
the kernel of the reprosentation & — ', it is plain that 'V is compact.
abelinn and the mapping T-> U, is a superposition of the canonical
homomorphism & — /N and an isomorphism /N — Up. Since we are
inlerested in propertics of operators in a Hilbert space rather, then in
representation theory, we shall restrict ourselves to the case of ¥ = {¢}
In other words we shail confine ourselves to the study of the quotient
group (Y = G/N. With this in mind we have the following.

Theorem 4.1. The point spectrum of ' &8 idenlic with a churacler
graup G of G.

Proof. Since & iy diserate, it follows that SZ §(U) is & closed sub-
group of @, Let 4(4, §) be the annihilator § in & ie. the subset of 7
consisting of all r such that g(z) = 1 for all z in § (sec eg. [13], p. 365
and further}. Now, by [13, Theorem 24.10] we have § — A (¥, A(7. 8)).
On the other hand it is trivial that A (4, {}) — 4. Thus it is sufficient
to shaw that A (¢, §) = {e}. To prove this take an arbitrary ¢ in A(&, 8.
Then for cach 7 in 8 we have y(1,) = 1, or equivalently U, F(y) = F(x)
for all x in 8. But sinee {ZF(y): x ¢ 8y =1, it follows that I/, — [ or
o=-¢ QED.

It can be seen from the above that our conjecture is that every
internal symretry describes some kind of a charge, or better, s mixture
of charges. If we want to deal with one pure charge only, then it is
natural to expect that the spectram is a cyclic infinite group i.e. thal
there iz an “'elementary” charge y,, and all other are obtaining by taking
suecesive powers of yo. Such a siluation arises when & = T. (We denote
hy T the group {€*: 0 = o = 2x}.) Then 7 = Z where Z denotes the
{discrete) group of all integers, and the charpe can take values: 0, =1,

=2, ete. It i obvious that the oonverse is also true. Actually, if the
spectrum of Ug is a eyclic infinite group, then it is somorphic with %
and by the Duality theorem (ff = &} @ is isomorphic with 7. Thus we
have

Corollary 4.2. The symmetry group G describes one pure charge only
fi.e. the specirum of Ug is an infinite, cyclic group) if and only it @ is iso-
morphic with T.

1f 7 is connected then € (if nontrivial) is infinite and we deal with
o charge which necesserily takes an infinite number of values. Thus i
we want to deaeribe a charge with a finite ymmber of values then ¢} hag
to be disconnected.

I we look to the internal symmetries from the exhibited standpoint
then the following question arises: it was argued in {1}, that the field
theory can be described using the zero-charge soctor only. In what sense
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is that, true if the charge is defined as above, by internal symmetry ?
We will give a partial answer to this and related questions in a sub-
seguent paper.
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